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Abstract 

The recently developed theory of Schur rings over a finite cyclic 
group is generalized to Schur rings over a ring R being a product 
of Galois rings of coprime characteristics. It is proved that if the 
characteristic of R is odd, then as in the cyclic group case any pure 
Schur ring over R is the tensor product of a pure cyclotomic ring and 
Schur rings of rank 2 over non-fields. Moreover, it is shown that in 
contrast to the cyclic group case there are non-pure Schur rings over 
R that are not generalized wreath products. 



1 Introduction 

In papers [12], [13] K. H. Leung and S. H. Man proved that any Schur ring 
(S-ring) over a finite cyclic group can be constructed from special S-rings 
by means of two operations: tensor product and wedge product (as for a 
background of S-rings see Section [2]). This theorem supplemented with the 
normality theory from [I] enabled to get a series of strong results in algebraic 
combinatorics [U El [TTJ [16] . 

To generalize the Leung-Man theorem in some way to S-rings over an 
arbitrary abelian group, the notion of S-ring over a commutative ring was 
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introduced in [B|; by definition any such ring is an S-ring over the additive 
group R + of the ring R that is invariant with respect to its multiplicative 
group R x . It should be noted that by the Schur theorem on multipliers any 
S-ring over a cyclic group of order n can be treated as an S-ring over the ring 
R = Z n of integers modulo n. We observe that in this case R is the direct 
product of Galois rings of coprime characteristics with prime residue fields. 
Thus it is natural to try to generalize the Leung-Man theorem to S-rings 
over the products of arbitrary Galois rings of coprime characteristics. In this 
paper such rings are called CG-rings. 

The first step to constructing the theory of S-rings over rings is to char- 
acterize all primitive S-rings over a ring, i.e. those that have no proper quo- 
tients. The situation is controlled by a generalization of the Burnside-Schur 
theorem proved in [6] (see also Theorem 15. 2p . It turned out that any primi- 
tive S-ring over a ring R from a quite general class including all CG-rings is 
either of rank 2, or a cyclotomic ring over R (in the latter case R is a field). 
It should be mentioned that the special S-rings in the Leung-Man theorem 
belong exactly to one of these two classes. In [5] the Burnside-Schur theorem 
was applied to find a complete generalization of the Leung-Man theorem to 
S-rings over a Galois ring of odd characteristic. 

On the second step, following the logic of the cyclic group case we should 
find a condition for an S-ring over a CG-ring R to be the generalized wreath 
product of S-rings over smaller CG-rings. (In the cyclic group case this 
operation was introduced in [3] and produces exactly the S-rings which are 
wedge products mentioned above.) In the case when R is a Galois ring of 
odd characteristic as well as in the cyclic case the required condition reduces 
to the non-purity of the S-ring in question. The latter means that any of its 
basic sets intersecting R x is a union of cosets modulo a fixed non-zero ideal 
of R (see Subsection 15.21) . However, the following theorem which we prove in 
Section [TD] shows that the case of an arbitrary CG-ring is more complicated. 

Theorem 1.1 Let p and q be distinct primes, and d and e positive integers 
such that p divides q e — 1 and q divides p d — 1. Set R = R p x R q where 
R p = GR(p 2 , d) and R q = GR(g 2 , e). Then there exists a non-pure dens^ S- 
ring over the CG-ring R that is not a non-trivial generalized wreath product. 

The S-rings from Theorem 11.11 never exist when R = 7L n because in this 
case e = d = 1 and the hypothesis is obviously not satisfied. It should be also 

2 As for the definition of density see the beginning of Section [8] 
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mentioned that probably all these S-rings are not schurian (as to the concept 
of schurity we refer to [9]). For example, this is the case when (p, d) = (2, 2) 
and (q, e) = (3, 1). 

In spite of the fact that a complete analog for the non-pure part of the 
cyclic case theory can not be reconstructed for general CG-rings (Theo- 
rem [LT]), some information on non-pure S-rings over a CG-ring can be ob- 
tained. Namely, Theorem 17.11 in particular shows that any such ring which 
is not a non-trivial tensor or generalized wreath product, must "contain" all 
maximal and minimal ideals of R. (This theorem is also used to prove the 
density of pure S-rings.) The proof of this result occupies Sections [6] and [71 
As an immediate consequence of Theorem 16. II proved there we obtain the fol- 
lowing classification of rational S-rings over a CG-ring, i.e. those any basic 
set of which is R x -invariant. 

Theorem 1.2 Any rational S-ring over a CG-ring is either a non-trivial 
generalized wreath product, or a tensor product, one factor of which is an 
S-ring of rank 2 . 

At the final step we have to characterize pure S-rings over a CG-ring R. 
Again as in the cyclic group case we could expect that any such ring is the 
tensor product of a pure cyclotomic ring and S-rings of rank 2. However, this 
is not generally true. For example, if the characteristic of R is even, then 
there exist pure dense S-rings which are not cyclotomic. |f| The following 
statement shows that this obstacle is a unique one. 

Theorem 1.3 Any pure S-ring over a CG-ring of odd characteristic is the 
tensor product of a pure cyclotomic ring and S-rings of rank 2 over non-fields. 

Theorem ll.3l is an immediate consequence of Theorems 18.11 and 19.11 proved 
in Sections [8] and [9] respectively. In the proofs of these theorems we use 
the duality theory for S-rings over a CG-ring developed in Subsections 13.21 
and !5.3l In the first case (Theorem l8.ip this theory shows that the property of 
an S-ring to be a non-trivial generalized wreath or tensor product is preserved 
under duality, and enables us to interchange minimal and maximal ideals of 
the ring. This reduces the proof to the dense case. In the second case 
(Theorem 19. 1 p we use another fact from this theory: an S-ring and its dual 

3 Some examples of such S-rings were found by the authors and will be published else- 
where. 
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are cyclotomic or not simultaneously. This enables us to prove that any dense 
pure S-ring over a CG-ring contains a pure cyclotomic S-ring. The rest of 
the proof is heavily based on Theorem 14.21 which applies to separate special 
pure sets by means of characters of the additive group of the underlying ring. 

It should be stressed that this work was essentially influenced by pa- 
pers [12] and [T5]. However, there is a great difference between the cyclic 
group case and the general CG-ring case. Namely, in the former case the 
projection of any pure subgroup of the multiplicative group of the ring on at 
least one local component is also pure. On the contrary, in the latter one this 
is not true, e.g. for the CG-rings satisfying the hypothesis of Theorem 11.11 
In fact, this is the only reason why the non-pure part of the theory can not 
be done properly. On the other hand, it is quite surprising that the pure part 
is completed by Theorem II . 21 

Concerning finite rings and permutation groups we refer to [H] and [2]. 
For the reader convenience we collect the basic facts on S-rings over abelian 
groups, on CG-rings and on S-rings over them in Sections [2J E] and [5] re- 
spectively. In Section @] we study pure sets in CG-rings. One of the main 
results here is the separation theorem (Theorem 14.21) ; the proof of it is given 
in Section [TT1 

Notation. As usual by Z, Q, C we denote the ring of integers, the ring 
of rationals and the field of complex numbers respectively. 

For a prime p the pth part of a positive integer n is denoted by n p . 

For a commutative ring R with identity we denote by R x and rad(i?) the 
multiplicative group of R and the radical of R respectively. 

The set of all (resp. all maximal, all minimal) ideals of R is denoted by 
X(R) (resp. X max (R), X min (R)). 

Given / G X(R) we denote by I + the additive group of /, and by tij the 
natural epimorphism from R to R/I. 

For a set X C R we denote by I\j(X) the smallest ideal of R containing X 
and by Il(X) the largest ideal I of R such that X + I = X or, equivalently, 
that X is a union of 7-cosets. Also we set 

ann(X) = {r G R : rX = {0}} 

and write ann(r) instead of ann({r}) for r G R. 

Let G = Ylper be a finite abelian group where V = V(G) is the set 
of all primes dividing \G\ and G p is the Sylow p-subgroup of G. For Q C V 
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the Q-projection of x G G (resp. X C G) is denoted by xg (resp. Xq). 
When Q = {p} we omit the braces and we write Q' instead of V\Q. For an 
arbitrary set Q of primes we put xq = xq^v and Xq = Xgnp. 

For a subset X of a group G we set X # = X \ {1g}- 

The group ring of a group G over an arbitrary ring R is denoted by RG. 
The element of RG that is equal to the sum of all elements of a set X C G 
is denoted by £(X). The support of £ G -RG is denoted by Supp(£). The 
componentwise multiplication in RG is denoted by o. 

2 S-rings over groups 

2.1 Definition and properties. Let G be a finite group. A subring A of 
the group ring ZG is called a Schur ring (S-ring, for short) over G if it has 
a (uniquely determined) Z-basis consisting of the elements £(X) = XLex x 
where X runs over a family S = <S(A) of pairwise disjoint non-empty subsets 
of G such that 



We call the elements of S the basic sets of A and denote by S*(A) the set 
of all unions of them and by < H(A) the set of all subgroups of G in S*(A). 
The elements of S*(A) and H(A) are called A-subsets of G (or and 
A-subgroups of G respectively. It is easily seen that XY is an .A-set whenever 
so are X and Y. For an A-set X we put 



The number rk(A) = dim z (A) is called the rank of A. If S*(A) C 5* (A') 
where A' is an S-ring over G, then we write A < A'. 

Lemma 2.1 Let A be an S-ring over a group G, H e 7i(A) and X 6 5(A). 
T/ien the cardinality of the set Xjj iX =1(1 Hx does not depend on x G X . 



Proof. See p.21].« 

Let H G 7Y(A). Then Sh where S = S(A), is the set of basic sets of an 
S-ring over the group H. This S-ring is denoted by Ah- If the group H is 
normal and n : G — > G/H is the quotient epimorphism, then Sq/h = 7r (5) is 



{1}G<S, [jX 



G and X G 5 => X G 5. 



5 x = {I'e5: X' c X}. 
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the set of basic sets of an S-ring over the group G/H. This S-ring is denoted 
by A g /h- 

If A and A are S-rings over groups G\ and G2 respectively, then the 
subring A = A <g> A of the ring ZGi (g) 1,G 2 = %G where G = Gi x G 2 , is 
an S-ring over the group G with 

S(A) = {X 1 xX 2 :X 1 e 5(A), X 2 e S(A 2 )}. 
It is called the tensor product of A and A- 

Lemma 2.2 Let G\ and G 2 be groups, and A an S-ring over the group 
G = Gx x G 2 . Suppose that G^G 2 G H(A). Then tt^X) G S(A) for 
all X G S(A) where 7Tj zs the projection of G on G i} i = 1,2. In particular, 
A>A Gl ®A G2 - 

Proof. Let X G S{A) and z G {1, 2}. Then obviously G 3 -iX n G t = 7r t {X). 
By the hypothesis this implies that vrj(X) G 5* (^4). To complete the proof 
it suffices to note that if 7Ti(X) is the disjoint union of non-empty Asets Y 
and Z, then X is the disjoint union of the non-empty Asets X fl G^iY and 
X n G^-i-^ which is impossible because X G 5(A) •■ 

Let ^4. be an S-ring over a group G and let L, {7 be Asubgroups of G such 
that L < U and L is normal in G. Following |4] we say that A satisfies the 
U/L-condition if 

LX = XL = X, X G S(A) G \u- 

If, moreover, L 7^ {1} and U ^ G, we say that ^4 satisfies the ?7/L-condition 
non-trivially. 

An S-ring .4 satisfying the ?7/L-condition was called in [T21[T3] the wedge 
product of the S-rings Au and Aq/l- It should be noted that the authors 
in [3] independently introduced the external operation of the generalized 
wreath product of two S-rings which produces exactly the S-rings satisfying 
the ?7/L-condition. 

The following important theorem goes back to I. Schur and H. Wielandt 
(see [T7] Ch. IV]); as to the formulation given here we refer to [6]. Below for 
X C G, m G Z, and a prime p we set 

x (m) = { x m. xe X } ; x \p] = { xP . x £ x, \xH n X\ ^ (mod p)} 
where H = {g G G : g p = 1}. 
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Theorem 2.3 LetG be a finite abelian group and A an S-ring overG. Then 
for any X G S(A) the following statements hold: 

(1) X^ G S(A) for any integer m coprime to \G\, 

(2) X' p l G S*(A) for any prime p dividing \G\.m 

2.2 Duality. Let A be an S-ring over a finite abelian group G and G the 
group dual to G, i.e. the group of all irreducible C-characters of G. Given 
S C G and x £ G set 

= £*(«)■ (i) 

Characters Xi)X2 £ G are called equivalent if Xi(S) = X2(S) for all S G 
<S(.4). Denote by S the set of classes of this equivalence relation. Then the 
submodule of ZG spanned by the elements C,(X), X G S, is an S-ring over G 
(see [U Theorem 6.3]). This ring is called dual to A and is denoted by A. 
Obviously, S{A) = S. Moreover, rk(^4) = rk(.4) and 

H{A) = {H ± : He H(A)} (2) 

where H 1 - = {x G G : H < ker(x)}. It is also true that the S-ring dual to 
A is equal to A. The following theorem was proved in [S] . 

Theorem 2.4 Let A be an S-ring over an abelian group G. Then A satisfies 
the U I L- condition if and only if A satisfies the L /U -condition. ■ 

Some more properties of the dual S-ring are contained in the following 
statement. 

Theorem 2.5 Let A be an S-ring over an abelian group G. Then 

(1) Ah = Aq/ h± and Ag/h = As± for any H G H(A), 

(2) A = Ax ® Ai if and only if A = X\® A 2 - 

Proof. To prove statement (1) it suffices to verify the second equality. It is 
easily seen that x{X) = ax{XH) for all x £ H 1 - and X G S{A) where a is 
a positive rational. So for any X11X2 £ H we have 

Xi(XH) = X 2(XH) & X i{X) = X2(X) 
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and we are done by the definition of the dual S-ring. To prove statement (2) 
suppose that A = A\ ® Ai- Then G = G\ x G 2 where Gi, G2 G TC(A), and 
Ai = Ad = Ag/g 2 an d A2 = Ag 2 — Ag/Gi ( see Lemma [2T2T) . Therefore 
from statement (1) it follows that 

A = A Gl = Aa/Gi-i = A? 3 ^ i = 1, 2 

(we identify Gi and G^). Since obviously G = G± x G^ and G±, G% G 7i(^4) 
(see (j2J)), this implies that ^4 > Al®^- Since also rk(^4j) = rk(^4j), i — 1, 2, 
and rk(.4) = rk(^4), we conclude that .4. = Al <g> .A^-" 

3 CG-rings 

Throughout the rest of the paper under a ring we mean a finite commutative 
ring with identity. 

3.1 Products of Galois rings. Following [HI Section XVI] a local ring R is 
called Galois if it is a Galois extension of the prime ring Z p « for some prime p 
and positive integer n, or equivalently if rad(i?) = pR. Given positive integers 
n, d there exists a unique (up to isomorphism) Galois ring of characteristic 
p n with the residue field of order q = p d ; it is denoted by GR(p n ,d). We 
observe that 

GR(p, d) = GF(p d ), GR(p n , 1) Z p n. 

Each ideal of the Galois ring GR(p n , d) = R other than i? is of the form p l R, 
i — 1, . . . , n, and the corresponding quotient ring is isomorphic to GR(p*, 0?). 
It is known that R + is a homocyclic p-group of rank d and exponent p n , i.e. it 
is isomorphic to the direct product of d cyclic groups of order p n . Moreover, 

R* =TxU (3) 

where T is the Teichmiiller group and U is the group of principal units. The 
groups T and U = 1 +rad(i?) are a cyclic group of order q — l and an abelian 
p-group respectively. If p is odd, then the group U is homocyclic of rank d 
and exponent p n ~ l . 

Let R be a ring and V = V(R). It is well known (see e.g. [HJ Theo- 
rem 6.2]) that there is a decomposition 

R = Y\_ 
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where R p is the p-component of R, i.e. the subring of R such that (R p ) + is 
the Sylow p-subgroup of R + . Moreover, each R p is the direct product of local 
rings the characteristic of each of which is a power of p. For any Q C V the 
set Rq (defined in Notation) equals the product of all rings R p with p e Q. 

Definition 3.1 We say that R is a CG-ring (componentwise Galois ring) if 
R p is a Galois ring for all p G V . 

Obviously, the ring with one element as well as any Galois ring is CG. 
The characteristic c of a CG-ring R equals the product of the characteristics 
c p of its components R p , p G V. It is easily seen that 

1{R) = {mR : m divides c}. (4) 

In particular, the minimal and maximal ideals of R are exactly those mR 
for which respectively m = c/p and m = p where p G V. Throughout the 
paper we denote by Iq the sum of minimal ideals in the components and set 
hv = ( J o) P - Clearly, 

h, P = (c p /p)Rp, peT. (5) 

One can see that given I G T(R) the set 1 + / is a subgroup of R x if and 
only if I p ^ R p for all p G V(I). 

The class of all CG-rings is closed with respect to taking quotients. More- 
over, the following equality holds: 

7r 7 (i?) x = 7r 7 (i? x ), Iel(R). (6) 

Let a G R. Then the mapping x \— > ax, x G R, induces an i?-module 
epimorphism from R onto / = aR the kernel of which coincides with ann(a). 
Therefore the ring Rj ann(a) and the ideal / are isomorphic as i?-modules. 
This enables us to define a ring structure on the ideal /. The corresponding 
ring Rj a has a as identity and 

fi, a : R -> Ri, a , ihoi (7) 

is a ring epimorphism with the kernel ann(a). It should be noted that for 
any u G R x the rings Ri >a and Ri tUa are isomorphic. When a — m ■ 1 where 
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m is a positive integer dividing the characteristic of R, we set Ri = Ri a and 
fi = fi,a- From PJ, ([S]) and (j7]) it follows that in this case 

(R I ) x =mR x . (8) 

In this paper we consider the permutation group induced by the action of 
the group R x on the set R by multiplication. It is a subgroup of the group 
Aut(i? + ) that leaves any ideal of R fixed. Moreover, the orbits of this group 
are regular and R x is the only faithful one. 

3.2 Duality. Let R be a CG-ring of characteristic c and V = V(R). For 
each p G V denote by Xp a character of the group (R p ) + such that im(x P ) 
contains a primitive c p th root of unity, and by R p the Galois ring dual to R p 
with respect to Xp (see [§])• The CG-ring 

R =Y\_Rp 

p&V 

is called dual to R with respect to the character x = EL Xp- Clearly, R + = R + 
is the group dual to the group R + , and 

{mR) L = (c/m)R (9) 

where m is a divisor of c. Moreover, R = {x^ '■ r G R] where x^ is the 
character of i? + such that x^ r K x ) = x( rx )i x E R, and the multiplication in 
R is defined by the formula X X = X^'^-, r,s <E R. Thus x is t ne identity 
of this ring and 

rx = { x (r) : r G i? x }. (10) 

The mapping r i— > x^ is a ring isomorphism from R onto i?; the image of a 
group K < R x with respect to this isomorphism is denoted by K. 



4 Purity in CG-rings 

Let R be a ring. Following [7] a non-empty set 1 C is called pure if 
Jl(X) = 0. This means that given / G 1(R) the equality X + I = X implies 
1 = 0. Thus a non-empty set is non-pure if and only if it is a union of J-cosets 
for some non-zero ideal /. It is clear that 

I L (X) = I L (uX), ueR x , (11) 
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and hence the sets X and uX are pure or not simultaneously. Therefore any 
subset of a pure orbit of a subgroup of R x is also pure. It should be also 
noted that the purity of a group K < R x , is equivalent to the fact that K 
does not contain any subgroup of the form 1 + 1 where J is a non-zero ideal 
of R. 

We note that generally the purity of a set is not preserved under taking 
quotients or multiplying by integer. For instance, let 

R = Z 8l X = {-!,!}, I = 4R. 

Then the set X is pure whereas the sets 7ij(X), 2X are not. However, for 
CG-rings of odd characteristic the situation is controlled as follows. 

Theorem 4.1 Let R be a CG-ring of odd characteristic, K < R x a pure 
group and J an ideal of R. Suppose that J p ^ R p for all p G V. Then the 
group ttj(K) and the set cjK are pure where cj is the characteristic of J. 

Proof. Since the ring R/J and the ideal cjR are isomorphic as -R-modules, 
it suffices to verify only that the set ttj(K) is pure. To do this we start with 
two observations. First, the condition J p ^ R p for all p G V, implies that 
the set 1 + J is a subgroup of the group R x . Therefore there is a canonical 
isomorphism 

ttj(L) =L/(ln(l + J)), L<R X . (12) 

Second, denote by r p the degree of the residue field of the ring R p over the 
prime subfield, peP. Then r p = rk(U p ) whenever Rp is not a field where U p 
is the group of principal units of the ring R p . We claim that for any L < R x 
the following equivalence holds 

L is pure <^> rk(L n U p ) < r p for all p G V. (13) 

To prove ffl3|) we observe that since L is a group, given an ideal I G T{R) we 
have L = L + I if and only if L > 1 + /. Therefore the group L is non-pure 
if and only if L > 1 + / for some non-zero ideal / of R (here 7^ I p 7^ R p for 
all p G V(I)). The latter is equivalent to the existence of p G V such that 
L > 1 + J ,p (here Io, p 7^ R p , see above). However, this means that 

rk(l + J ,p) = rk(Wp) = r p and L n U v > 1 + Iq, p , 

i.e. rk(L nW p ) > rk(l + I 0>p ) = r p . 
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To complete the proof we note that the rank of an abelian group does 
not increase under taking quotients. Therefore from ffl2l) we obtain 

rk(<Kj(K) n nj{U p )) = rk((K n U P )/{K n U p n (1 + J)) < rk(K n Up) < r p 

for all p eV. Since the degree of the residue field of the ring 7ij(R p ) equals r p 
and the group of principal units of the latter ring coincides with nj(V( p ), we 
are done by ffT3]) .H 

The following important statement which will be used in Section [9] is 
a kind of separation theorem for pure subsets in CG-rings of an arbitrary 
characteristic. 

Theorem 4.2 Let R be a CG-ring, and S, S' C R distinct subsets in a pure 
orbit of a subgroup of R x , S ^ 0. Then 

(1) there exists x £ R x suc h that x(S) ^ x(S'), 

(2) given x £ R x there exists r G -R x such that x(rS') 0. 
The proof of this theorem is given in Section [TTJ 

5 S-rings over a CG-ring 

5.1 Definition and properties. Let R be a ring and A an S-ring over 
the group R + . In accordance with [6] we say that A is an S-ring over R 
if it is invariant with respect to the action of the group -R x on Zi? + by 
multiplication, or, equivalently, if for any u G -R x 

XeS(A) => uXeS(A). (14) 

One can see that this is the case if rk(^4) = 2 or S(A) = Orb(K, R) for some 
K < R x . In the latter case A is called cyclotomic and denoted by Cyc(i^, R). 
Clearly, 

Cyc(K,R) = span{£(X) : X G Oib{K,R)}. 

Since the group K acts semiregularly on R x , the cyclotomic rings are in 1-1 
correspondence to the subgroups of R x . The following result is a special case 
of [8J Corollary 2.3]. 
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Theorem 5.1 Let A be an S-ring over a ring R. Then any basic set of A 
contained in R x is a subgroup of R x . In particular, any S-ring over a field 
is a cyclotomic one.m 

Let A be an S-ring over the ring R. Set 

1(A) = T(R, A) = {I G 1(R) : / G S*(A)}. 

The elements of 1(A) are called A-ideals of R. It was proved in [8], Theo- 
rem 2.6] that if a ring R is generated by the units, then 

I v (X),I L (X)eI(A), XeS*(A). (15) 

Since the assumption is true for every local ring, the conclusion holds when 
R is a CG-ring. From now on we assume that R is a CG-ring. 

Let A be an S-ring over the ring R and / G 1(A). Since the ring A is R x - 
invariant, the S-rings Ar/i = Ar+/j+ and Ai = Aj+ over the groups R + / 1 + 
and I + are (R/I) x - and (Ri) x -invariant respectively. Thus they are S-rings 
over the rings R/I and Rj. 

The S-ring A is called dense if 1(A) = 1(R). From (J4]) it follows that the 
set-difference between an ideal of R and the union of all proper ideals in it 
is an orbit of the group R x . Therefore 

R x r G S*(A), reR. (16) 

We say that A is R-primitive if and R are the only ^4-ideals of R. The 
following theorem is a special case of the main result of [Bj. 

Theorem 5.2 Let R be a CG-ring. Then any R-primitive S-ring is either 
of rank 2 or cyclotomic% In the latter case, R is a field.m 

The following statement will be used in the proof of Theorem 16.31 (In 
fact, the proof shows that the conclusion is true under a weaker assumption 
that the p-component of the ring R is a Galois ring.) 

Theorem 5.3 Let R be a CG-ring of characteristic c and A an S-ring 
over R. Then for any p G V(R) and X G S(A) such that R X X = X , 
the following statements hold: 

4 In the conditions of the theorem " i?-primitivity" is equivalent to " quasiprimitivity" 
in sense of [6] (see the remark before Theorem 1.3 of that paper). 
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(1) (XW) P = {0} ; 

(2) I L (X) p ^ if and only if X® = 0, 

(3) if h{X) p = 0, then either X p = {0} or I L (X U Y) p ^ with Y = 
( K X^p m ^ where m is an integer coprime to c such thatmp = 1 (modcy). 

Proof. Let p G V(R) and X G S(A) be such that R X X = X. Take x G X. 
Then R x x C X. On the other hand, set J = I p (see (J5])). Since i? is a 
CG-ring, i? p is a Galois ring, and hence the set x p R x is either a J-coset, or 
J*, or {0} (in the latter two cases the order of x p is p and 1 respectively). 
Thus 

X X)J ^x + J X x j = + t/^ or X x j = (17) 

From the hypothesis of the theorem it follows that the set of all elements of 
order p in R coincides with J*. Since X is a union of all sets X Xj j, x G X, we 
conclude by (fTTj) and statement (2) of Theorem [2]3] that = pX' where X' 
is the set of all x G X for which the condition in the right-hand side of ffTTl) 
holds (here we use this theorem for additively written group G = R + ; in this 
case H = J and xH Pi X — Xj x ). This proves statement (2), and due to the 
obvious equality {pX') p = {0} also statement (1). To prove statement (3) 
suppose that Il(X U Y) p = 0. Then since 

Y = (xW)W = ( p X') {m) = mpX' = (X'V, (18) 

from (jT7|) it follows that there exists x G X' for which X x ^ = {x p >}. However, 
in this case x = x p >, and hence x G XnY. Taking into account that X G S(A) 
and Y G S*(A) (Theorem 12.31) . we conclude that X C Y. This implies by 
(TT5|) that X p C Yp = {0} which completes the proof .■ 

5.2 Pure S-rings and generalized wreath products. Let A be an S- 

ring over a CG-ring R. Due to (TTTT) the ideal /l(X) does not depend on the 
set X G 5(^4) such that X nR x ^(ft. We denote this ideal by h(A). 

Definition 5.4 The S-ring A is pure if I^(A) = 0. 

It follows that A is pure if and only if some (and hence any) X G S(A), 
X n R x 7^ 0, is pure. It is easily seen that S-rings of rank 2 and cyclotomic 
rings Cyc(i^, R) with pure groups K < R x , are pure. 
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Theorem 5.5 Let R be a CG-ring of odd characteristic and A a pure S-ring 
over R. Suppose that X max (R) C 1(A) and J is an A-ideal of R such that 
J p 7^ R p for all p £ V(R). Then the S-ring Ar/j is also pure. 

Proof. Let Y G S(Ar/j) be such that 7r(l) G Y where it = ttj. Then 
it suffices to verify that the set Y is pure. To do this denote by X the 
basic set of A containing 1. Then obviously Y = ir(X). Moreover, since by 
the hypothesis T max (R) C 1(A), it follows that R x is an .4-set, and hence 
X C R x . So X is a subgroup of R x by Theorem 15.11 However, the set X 
is pure because so is the S-ring A. Therefore the set Y = ir(X) is pure by 
Theorem 14.11 and we are done.a 

In [HI Theorem 2.8] it was proved that an S-ring over a local ring is non- 
pure if and only if it is a non-trivial generalized wreath product. However, 
this is not true for the S-rings over an arbitrary CG-ring (see Section [TU]) . 
Since most of the results in this paper are formulated in terms of that product, 
we recall its definition here. 

Definition 5.6 We say that A is a generalized wreath product if there exist 
A-ideals I and J such that 

Jcl L (X)nl, XeS(A) RV . (19) 

In this case we also say that A satisfies the I j J -condition. 

If both ideals I and J are proper, we say that the generalized wreath 
product is non-trivial, or that the S-ring A satisfies the // J-condition non- 
trivially. 

It should be noted that the S-ring A satisfying the I / J-condition satisfies 
also the J + /J + -condition as defined in Subsection 12. 11 Therefore in the sense 
of [3] in this case the S-ring A is the (standard) generalized wreath product 
of the S-rings Ai and Ar/j over the groups I + and (R/ J) + respectively. 
Moreover, the latter S-ring can be treated as an S-ring over the ring R/J 
whereas the former one can be treated as an S-ring over the ring Ri defined 
in Subsection 13.11 

5.3 Duality. Let R be the ring dual to a CG-ring R with respect to a 
character \- We observe that since the set R x does not depend on the choice 
of \, any S-ring over this ring is also an S-ring over the ring dual to R with 
respect to any other character belonging to R x . 
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Theorem 5.7 Let A be an S-ring over a CG-ring R and A the S-ring over 
the group R + that is dual to A. Then A is an S-ring over the ring R. 

Proof. Suppose that x^ an d X® belong to the same basic set of A where 
s,t e R. Then given r e R x we have x^ s H r ^) = X ( r ^)i or equivalently 

x (rs) {S) = x (rt) {S ^ 5 G S(A). 

Since x^ rs ^ = X X an d X = X X^\ this implies that the characters 
X X an d X X belong to the same basic set of A for all r e R x . Thus 
the required statement follows from (TlTJ|) 

Let c be the characteristic of the ring R (and hence of the ring R). Then 
T(R) = {mR : m divides c} and T(R) = {mR : m divides c}. Therefore 
by © and © we have 

J(l) = {J^ : I e 1(A)}. (20) 

Thus ^4 is i?-primitive if and only if A is i?-primitive. Moreover, from (|20|) 
and Theorem 12.41 we obtain the following statement. 

Theorem 5.8 Let A be an S-ring over a CG-ring. Then the ring A is a 
non-trivial generalized wreath product if and only if so is the ring A. More 
exactly, A satisfies the I j J -condition if and only if A satisfies the J^/I^- 
condition.u 

The following theorem shows that an S-ring and its dual are cyclotomic 
or not simultaneously. This fact can also be deduced from the results of [10] 
by using the well-known 1-1 correspondence between S-rings and translation 
association schemes. 

Theorem 5.9 Let A = Cyc(K, R) where K < R x . Then A = Cjc(K, R) . 

Proof. Let X e Orb(K, R). Then given x\i X2 £ X there exists r e K such 
that Xi = xi ! ■ Since S = rS for each basic set S of A, this implies that 

Xi(S) = xf\S) = X 2 (rS) =X 2 (S), Se S(A). 

Therefore A' > A where A' = Cyc(K, R). On the other hand, rk(^4) = rk(.4) 
(see Subsection 12 .2p . Moreover, since there is a ring isomorphism from R to 
R taking K to K (see Subsection 13. 2p . we also have rk(^4) = rk(^4'). Thus 
rk(^4) = rk(^t') whence it follows that A = A'.m 
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6 Rational basic set outside a maximal A- 
ideal 



In this section we prove Theorem 16.11 from which Theorem 11.21 immediately 
follows. Below a subset X of a ring R is called Q-rational for some Q C V(R) 
if RqX = X. When Q = {p}, we say that X is p-rational. 

Theorem 6.1 Let A be an S-ring over a CG-ring R and I G T max (A). 
Suppose that any basic set in S(A)r\i is Q-rational where Q = V(R/I). Set 
I* to be the intersection of all A-ideals containing Rq. Then the ring A 
satisfies the 1 j J -condition "where J — I fl I*. Moreover, if J = 0, then 

A = Ai ®Ai*. 

The proof of the Theorem 16.11 will be given in the end of the section. In 
the following auxiliary statement we study some properties of the ^4-ideals 
/, I* and J defined in it. We keep the notations and the hypothesis of this 
theorem except for the Q-rationality. 

Lemma 6.2 The following statements hold: 

(1) I + I* — R, I* — Rq + J q , and \R/I\ = \I*/J\ = \Rq/Jq\, 

(2) l max (Ai*) = {J}, 

(3) for each p e Q the ideal I* equals the intersection of all A-ideals con- 
taining R p , 

(4) I L (X) Q C J for all X e S(A) R \j. 

Proof. By the definition of Q we have Rq (f_ I. Therefore /* ^ /, and 
7+ J* = R by the maximality of /. This gives the natural group isomorphism 

I*/ J ^ R/I (21) 

and hence \R/I\ = \I*/J\. Since V(R/I) = Q, it follows that I* = R Q + J Q , 
and \I*/J\ = \Rq/Jq\ which completes the proof of statement (1). Isomor- 
phism (|2"T|) induces the bijection 

{/' G X{R) : J C /' C /*} -> {/' G X{R) : I C /' C R}, I' i-> / + /' 
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the converse to which takes I' to I' D I*. This induces a bijection on the 
^4-ideals. Thus statement (2) follows from the maximality of I. To prove 
statement (3) let p G Q. Denote by /' the intersection of all ^4-ideals contain- 
ing Rp. Then obviously /' C I*. By statement (2) this implies that either 
V C J or V = I*. Since p G V(I*/J) (see statement (1)) and R p C /', the 
inclusion is impossible and we are done. Let us prove statement (4). Since 
X G S(A) and I G l max (A), we see that IlPO C I. On the other hand, 
I L (X) Q CR Q C P. Thus J L (X) Q c / n /* = J.- 

In fact, Theorem 16. II will be deduced from the following statement where 
we use the same notations. 

Theorem 6.3 Let A be an S-ring over a CG-ring R, I G X max (A) and 
X G S(A)r\i. Suppose that the set X is p-rational for some p G Q. Then 
J C h{X) and 

n(X) = n(X) Q + n(X) Q , (22) 

where it = ttj. Moreover, both ti(X)q and tt(X)qi are basic sets of the S-ring 
Ar/j, and ■k{X) q = 7t(I*)*. 

Proof. By statement (4) of Lemma 16.21 without loss of generality we can 
assume that I\ J (X) P = 0. First, we claim that 

vk(A R/I ) = 2. (23) 

Indeed, the maximality of I implies that the S-ring Ar/i is i?/J-primitive. 
Therefore (123]) follows from Theorem 15.21 whenever the ring R/I is not a 
field. However, if it is a field, then V(R/I) = {p} and (1231) follows from the 
p-rationality of X. 

Let us prove that J C Il(X). To do this we observe that from f[2"31 it 
follows that ttj(X) = -ki{Rq)*. So X p ^ {0}. Since R*X = X, this implies 
by statement (3) of Theorem 15.31 that Il(X U Y) p ^ where Y is as in this 
theorem. Therefore 

J L (XUY)D/ * (24) 

where Iq is the intersection of all ^4-ideals I' with I' p ^ 0. Clearly, Iq G 1(A). 
Moreover, from the definition of 7* it follows that Iq C I* . Therefore by 
statement (2) of Lemma [6.21 we have 

/* = r or I* C J. (25) 
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Let I' C Jq be a non-zero A-ideal of R other than I*. Then from (1241) it 
follows that Y + /' C X U Y. On the other hand, 

X n (Y + 1') = 0. (26) 

Indeed, otherwise X C Y + I' because X is a basic set of A and Y + I' is 
an .A- set. Since X G S(A)r\j and rk(A.jj//) = 2, there exists x G X such 
that x p G -Rp. However, (X^) p = {0} by statement (1) of Theorem 15.31 
So Y p — {0}. Moreover, I' C J by statement (2) of Lemma [6.21 Therefore 
from statement (1) of this lemma it follows that R* H I' = 0. Thus x £ I' . 
Contradiction. Thus (|26|) holds, and hence Y + I' = Y . But then using (|24l) 
we obtain that J' C Jl(X). This implies that 

/* = r. (27) 

Otherwise, Iq G J ^ I* and we can take I' = Jg, which contradicts the 
assumption that Jl(X) p = 0. In this case we can take I' = J, which proves 
that J C I L (X). 

To complete the proof it suffices to assume that J = 0. Then I* = Rq 
and / = Rqi. Since both of them are A-ideals, we have Xq,Xq> G S(A) 
(Lemma 12. 2j) . Moreover, from statement (2) of Lemma 16.21 it follows that 
X Q = (R Q )*. Next, by ([21]) and Q3ZJ the set X U K is a union of iVcosets. 
On the other hand, by the definition of Y we have Y p > C X p /, and hence 
F Q / C X QI . Thus 

XUF = j Rq + X q ,. (28) 

However, since Xq = (Rq)*, we have X C -Rq + Xq>. On the other hand, 
Y C Xq/, for otherwise Yq ^ {0}, and hence Yq D i?Q which contradicts the 
fact that Y p = {0}. Thus from (fJED it follows that X = R% + Xq/.- 

Proof of Theorem 16.11 Since the set S(A)r\j consists of Q-rational 
sets, we conclude by Theorem 16.31 that J C Il(X) for all X G «S(A.)mj. Thus 
the S-ring A satisfies the // J-condition. To complete the proof suppose that 
J = 0. Then I* = R Q and / = R Q > where Q' = V(R) \ Q. Therefore 
from Theorem 16.31 it follows that for all X G S(A)r\i we have Xq G iS(A./), 
Xq/ G S(Ai*) and X = Xq +Xq/. Since these three relations obviously hold 
for X G S(A)i, we are done.- 
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7 S-rings with l max (A) ^ T max {R) 



It is known that any non-dense S-ring over a cyclic group is either a non- 
trivial generalized wreath product, or a tensor product one factor of which 
is an S-ring of rank 2 (see [U Theorem 5.3]). In the case of S-rings over an 
arbitrary CG-ring we can prove the same statement only under a stronger 
condition yet. 

Theorem 7.1 Let A be an S-ring over a CG-ring R. Suppose thatT max (A) ^ 
Imax (R) ■ Then A is either a non-trivial generalized wreath product, or a ten- 
sor product one factor of which is an S-ring of rank 2 over a non-field. 

Since I G X max (A) is a maximal ideal of R if and only if R/I is a field, 
Theorem l7.1l is an immediate consequence of the following statement in which 
we keep the notations of Section 

Theorem 7.2 Let A be an S-ring over a CG-ring R and I G T max (A). 
Suppose that R/I is not a field. Then the ring A satisfies the I / J -condition. 
Moreover, if J = 0, then A = Ai <8> Ai*. 

In its turn Theorem 17.21 is an immediate consequence of Theorem 16.11 and 
the following statement which will be proved a bit later. 

Theorem 7.3 Let A be an S-ring over a CG-ring R and I G T max (A). 
Suppose that R/I is not a field. Then any basic set in S(A)r\i is Q-rational 
where Q = V(R/I). 

Proof. We need a special consequence of Theorem 16.31 that gives us a 
convenient form of a Q-rational basic set. 

Lemma 7.4 In the conditions of Theorem \6.3\ we have X = (Rq\Jq)-\-Xqi. 

Proof. Since the full 7r-preimages of vr(X) and tt(X)q are X and I* \ J 
respectively, from the equality (122 1) we obtain that 

X = (/* \ J) + Y (29) 

where Y is the full preimage of it(X)q>. Taking into account that QnQ' — 0, 
we have tt(Yq) = tt(Y)q = 0, and hence Yq C Jq. Therefore 

Jq + V = Jq + Vq + Vq> = Jq + VQ' 
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for all y G Y '. Since Y is a union of Jg-cosets, this shows that Y = Jq + Yqi. 
On the other hand, Xqi and Yqi are unions of jQ/-cosets, and so Jq + Xq> 
and Jq + Yqi are unions of J-cosets. Since also tt(Xq/) = tt(Yqi), we have 
Jq + Xqi = Jq + Yqi. Thus from ([29]) we obtain 

X=(I*\J)+Y = (P\J) + Jq + Y Q i = (I*\J) + J Q + X Q , = (i*\ J)+X Q , 

(30) 

Finally, from statement (1) of Lemma [6.21 it follows that 

P\J=(Rq + Jqi) \ (Jq + Jq,) = (Rq \ Jq) + Jq,. 

However, Xqi is a union of jQ/-cosets. Thus we are done due to (1301) ■■ 

Turn to the proof of Theorem 17.31 Let X G S(A)r\i and p G Q. Set 
Y = RpX. Then obviously Yqi = Xqi. Therefore by Lemma [7.41 we have 

Y = (Rq\Jq)+X Q i. (31) 

If | Q | > 1, then by statement (5) of Lemma 16.21 there exists an element of 
Rq \ Jq with zero p-coordinate. Due to (131]) one can find an element in Y, 
and hence in X, say x, with the same property. Then x p = and hence 
RpX = x. Therefore RpX = X. Thus the basic set X is Q-rational and we 
are done. In the remaining case \Q\ = 1 we make use of the following lemma 
proved in Section [121 

Lemma 7.5 Suppose that Q = {p}. Then 

(1) ifp & V(J), then R*X = X, 

(2) ifp G V(J), then I L (X) 

To complete the proof let Q = {p}. Then by statement (1) of Lemma [731 
we can assume that p G V(J). In this case by statement (2) of that lemma 

— Il(X) H J is a non-zero ^4-ideal of R. Set R' = n(R), A' = Aw, 
I' = 7r(J) and X' = n(X) where 7r = 7Tj . Then obviously I' G 1{A) and 
X' G S(A)ri\i'. Moreover, since Jo C J C I we have 

V(R'/I') = V(R/I) =Q = {p}. 

Finally, Il(X') fl J' = 0, and hence p G" V(J') by statement (2) of Lemma [7751 
Thus from statement (1) of that lemma it follows that (R' p ) x X' = X'. Since 
X is a union of J - cose ts, this implies that R* X = X.m 
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8 Decomposition of a pure S-ring 



We note that not every pure S-ring over a CG-ring is dense, e.g. take the 
S-ring of rank 2 over a non-field. The following theorem shows that at least 
in the odd case this is essentially a unique reason for a pure S-ring not to be 
dense. 

Theorem 8.1 Any pure S-ring over a CG-ring of odd characteristic is the 
tensor product of a dense pure S-ring and S-rings of rank 2 over non-fields. 

We will prove Theorem 18.11 in the end of this section. In what follows 
we say that a pure S-ring is indecomposable if it is not a tensor product, one 
factor of which is an S-ring of rank 2 over a non-field. 

Theorem 8.2 Let A be an S-ring over a CG-ring R. Then the following 
statements are equivalent: 

(1) A is pure indecomposable, 

(2) A is pure indecomposable, 

(3) A is pure and X max {A) = X max (R), 

(4) A is pure and X min (A) = l min (R). 

Proof. From Theorem 15.81 it follows that if A or A is pure, then neither 
A nor A is a nontrivial generalized wreath product. Besides, it is easily 
seen that if A is a tensor product one factor of which is an S-ring of rank 2 
over a non- field, then 1(A) ^ 1(R) . By Theorem 17.11 these facts prove the 
equivalence (1) -v=> (3). To complete the proof of the theorem it suffices 
to verify the implication (1) =^> (2). Indeed, if it is true, then the converse 
implication follows by duality, and the equivalence (3) ^ (4) is an immediate 
consequence of the fact that T min (R) = X min (A) if and only if X max (R) = 
Ima X (A) (see (T20D). 

To prove the implication (1) =^> (2) suppose that A is a pure indecom- 
posable S-ring. Then by statement (2) of Theorem 12.51 and Theorem 17.11 it 
suffices to verify that A is a pure S-ring. For this purpose we note that due 
to the implication (1) =>- (3), the set R x being the complement in R to the 
union of all maximal ^4-ideals, is an ^4-subset of R. This implies that the 
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basic set X of A that contains 1 is a subset of R x . Thus by Theorem 15.11 
the set X is a subgroup of R x , which is pure by the hypothesis. Let x £ R x 
and X the basic set of A containing x- It suffices to verify that I~l{X) = 0. 
Suppose that this is not true. Then 

x x ' = x, x'eh(X). (32) 

Since the set X is pure, by statement (2) of Theorem 14.21 for S = X we have 
X(X') where X' = Xr for some r G R x . Since X' G S(A) from ([32]) we 
obtain that X (X') = xx'(X') for all X ' e So 

a= ^ XXW^O. (33) 
x'e/ L (x) 

On the other hand, set K = 1 + / where I is the preimage of the ideal I-l{X) 
with respect to the isomorphism from R to R induced by x- Then when x' 
runs over the set Il{X) the element xx' runs over the set {x {r) : r G A"}. 
Then 

r€K reK x€X' x€X' r£K 

However xCO = because x is non-trivial on J. Therefore for all x G R x we 
have 

E ^( rx ) = ^2x(x + hx) = x(x) E X(hx) = x(x)x(I) = 0. 

r£K hel hel 

Thus a = because X' C i? x , which contradicts (|33]) .h 

Theorem 8.3 T/ie S-ring dual to a pure S-ring over a CG-ring is also pure. 

Proof. By statement (2) of Theorem 12.51 without loss of generality we can 
assume that the input S-ring is indecomposable. Then the required statement 
immediately follows from the implication (1) =>■ (2) of Theorem 18. 2\ m 

Proof of Theorem 18.11 By statement (2) of Theorem 12.51 without loss 
of generality we can assume that the S-ring A is indecomposable. Therefore 
Theorem 18. II is an immediate consequence of the following statement. 

Theorem 8.4 Suppose that the characteristic of a CG-ring R is odd. Then 
any pure indecomposable S-ring over R is dense. 
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Proof. Let A be a pure indecomposable S-ring over the ring R. Suppose that 
R p is not a field for some p. Denote by J the minimal ideal of R p . Then by the 
implication (1) =>• (4) of Theorem 18.21 we have J G X(A). Since obviously 
J ^ R p and the characteristic of the ring R is odd, from Theorem 15.51 it 
follows that the S-ring Ar/j is pure. Moreover, it is easily seen that any 
maximal ideal of Rj J is the 7Tj-image of a maximal ideal of R. Therefore 
by the equivalence (1) <^ (3) of Theorem 18.21 the S-ring Ar/j is a pure 
indecomposable one. So by induction we conclude that X(Ar/j) = X(R/J). 
Thus 1(A) contains any ideal I such that I p ^ for some p G V for which 
Rp is not a field. Therefore by the implication (1) (4) of Theorem 18.21 we 
have 1(A) =l(R).m 

9 Dense pure S-rings 

In this section we prove the following theorem which provides together with 
Theorem 18.11 a straightforward deduction of Theorem II .31 

Theorem 9.1 Any dense pure S-ring over a CG-ring of odd characteristic 
is cyclotomic. 

The proof will be given in the end of the section throughout which we fix 
a dense S-ring A over a CG-ring R. From equality (1201) it follows that the 
ring A is also dense. We need two lemmas in each of which the characteristic 
of the ring R is arbitrary. 

Lemma 9.2 Suppose that Oib(K, R x ) C S*(A) where K < R x . Then any 
pure orbit of the group K in R belongs to S* (A) . 

Proof. Let X\ be a pure orbit of the group K. Then X\ = Xi f° r some 
character xi R- Denote by X the basic set of A containing xi an d set 
-^2 — X2 where X2 G X. Since A is dense, the set Y = R x Xi belongs to 
S*(A) (see (1161) ). This implies that X G Y whence it follows that xi-> X2 £ 
and hence X 1 ,X 2 C Y. 

Denote by a the cardinality of the kernel of the natural action of the 
group K on the set Y. Since the action is semiregular (see Section [3]), given 
S G Orb(K, R x ) and s G S we have 

Xi(S) = 5>*M = 5>f } (s) = as(X i ), z = 1,2, 



24 



where s(Xj) is defined by §Q with G = R + , S = Xj and x being the character 
of G corresponding to s. On the other hand, as S* G S* (A) the definition of 
the dual S-ring implies that Xi(S) = X2(S). Thus 

s(X 1 )=s(X 2 ), seR x . 

Since X\ and X2 are pure orbits of the group K, from statement (1) of 
Theorem 14.21 applied to R and Xi , X2 it follows that X\ = X2 and hence 
Xi £ X\. However, xi is an arbitrary element of X. Thus X C X\ and we 
are done.H 

From now on we assume that for any p G V where V = V(R), the 
characteristic of the Galois ring R p equals p Hp for some n p > 1. Set 

P' = {pGP:n p >l}, # = |J ijj. (34) 

V'CQCV 

Due to the density of A, from ffl6|) it follows that Rq is ^4-set for all Q, and 
hence R' G «S*(^4). Moreover, by Lemma [2T21 and the definition of V we have 

S(A) R , = {X Q : X G <S(^) flX , Q D P'}. (35) 

Below for p G ?' we denote by m(p) the product of all q EV \ {p}. 

Lemma 9.3 Lei <S(-4) rx = Orb(K, R x ) where K < R x . Suppose that for 
some p G V the orbits of the group K on the set pR x U m(p)R x are pure 
A-sets. Then S(A) pR x = Orh(K,pR x ). 

Proof. Suppose on the contrary that there is an orbit X G Oib(K,pR x ) 
containing two distinct basic sets Y and Y' of A. Then 

Y' = rY (36) 

for some r G K. By the hypothesis of the lemma the sets X and Z = mK 
with m = m(p), are pure. Therefore, by Theorem 14.21 (with S = Y and 
S' = Y' for statement (1), and with S = Z for statement (2)) there exist a 
character x G i? and a set Z' = r'Z with r' G R x such that 

X(Y)^ X (Y'), X (Z')^0. (37) 
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However, by the definition of m we have Y + Z' C R' where R' is the ^4-set 
defined in Since also Y G S(A) and Z' G Orb(K,mR x ) C S*(A), we 

conclude that 

i{Y)i{Z') G ^. (38) 

Taking into account that S(A) R x = Orb (if, R x ) and that the set of if-orbits 
is closed with respect to taking projections, we see by (1331) that the right- 
hand side of (|38|) is if -invariant. This implies that so is the left-hand side. 
Therefore by (|36|) and the definition of Z' we have 

i{Y)i{Z') = r{i{Y)i{Z')) = i{rY)i{rZ') = i{Y')i{Z'). 

Applying \ t° both sides of this equality we obtain a contradiction with (j3"7|) .a 

Proof of Theorem 19.11 Let A be a dense pure S-ring over a CG-ring 
R of odd characteristic. Due to the density of A, Theorem 15.11 implies that 
there exists a group K < R x such that 

S(A) = Orb(K,R x ). (39) 

So by Lemma l9~2l any pure orbit of the group K belongs to S*(A). However, 
since the S-ring A is pure, the group K and hence the group K are also pure. 
By Theorem 14.11 this implies that 

Orb(K,mR)cS*(A) mR (40) 
for all integers m dividing n/ Y[ p€ -pP- However, by Lemma 12.21 each basic 
set of A is the projection of some element of S{A) m j^ with m as above. 
Therefore inclusion (|40p holds for all m. Thus A > Cjc(K,R), and hence 
A > Cyc(if , R) by Theorem 15.91 Since the group K is pure, this implies 
by fl39|) and Lemma I9T31 that 

S(A) pR x =Orb(K,pR x ), p G V', 

where V is defined as in (1341) . Moreover, by Theorem 14.11 the group K p r = 
f P R{K) where f p n is the epimorphism defined in the end of Subsection 13.11 
(see (jTJ) and below), is a pure subgroup of the group (R p r) x (here K pR = pK 
as sets, see (jSJ)). So by induction we can assume that 

S(A) pR = Cjc(K pR , R pR ), p G V. (41) 

However, S(A) = S(A) R 'US' where R' is as in §S> and S' = \J peV , S(A) pR . 
Besides, due to ([39} and (05j we have S(A) R > C Oib(K,R). Since by gT]) 
we also have S' C Orb(if,i?), it follows that S{A) C Orb(if,i?). Thus 
A = Cyc(if, i?).. 
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10 Proof of Theorem 11.11 



Denote by T p and IA P (resp. by T q and U q ) the Teichmiiller group and the 
group of principal units of the ring R p (resp. R q ). Since q divides p d — 1, 
the cyclic group T p of order p d — 1 contains a unique subgroup T p of order q. 
Similarly, since p divides q e — 1, the cyclic group T q of order q e — 1 contains 
a unique subgroup T g of order p. Let us consider a subgroup of i? x defined 
as follows: 

K=(T p U p )x(T q U q ). 

Thus if p = T p U p and if g = T q U q (see Notation). Any group L < K with 
L p = ifp and L q = K q (i.e. a subdirect product of if p and K q ) is determined 
by means of an appropriate group Lq and epimorphisms f p : K p —>■ Lq, 
f q : K q — > L as follows: 

L = {(n,t;)GK: /»=/,(«)}. 

Let us define subgroups i£i and of the group if in the above way 
where f p and / g are fixed epimorphisms on a cyclic group Lq of order q in the 
first case and of order p in the second one. Clearly, the sets R x and pR U qR 
are both ifj-invariant and if 2 -invariant. Set 

S = Orb(K 1 ,R x )UOib(K 2 ,pRUqR). (42) 
Then to prove Theorem 11.11 it suffices to verify the following statement. 

Theorem 10.1 The Z-module A = span z {£(X) : X G S} is a non-pure 
dense S-ring over the ring R. Moreover, this S-ring cannot be a non-trivial 
generalized wreath product. 

Before giving the proof of Theorem llU.il let us cite some simple properties 
of the groups K, K\ and K 2 - The following statement is straightforward. 

Lemma 10.2 There exist direct decompositions U p = U p -U' p andU q = U q -U' q 
with cyclic groups U p and U q , such that 

K x = {U p xT q U' q )-L x , K 2 = (T p U p xU q )-L 2 (43) 

where L\ is a subdirect product ofT p and U q of order q and L 2 is a subdirect 
product of U p and T q of order p, and both decompositions ffify are direct.* 
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From Lemma [10.21 it follows that 

\K X \ = p d+1 q e , h{K x ) = P R P , \K 2 \ = p d q e+1 , I L (K 2 ) = qR q . (44) 
Moreover, 

KfK 2 = K, K l nK 2 = (U p x U' q ) ■ L x ■ L 2 

where the latter decomposition is direct, and for i, j G {0, 1, 2} we have 

Oib(K,p i q j R x ) = Orh(K l7 p l q j R x ) = Orb(K 2l p l q j R x ), i+j G {2,3,4}, 

(45) 

whereas if = (0, 1) or = (1,0), then 

Orb(K,qR x ) = Oib(Ki, qR*), Orb(K,pR x ) = Orb(K 2lP R x ). (46) 

Proof of Theorem 110.11 Obviously, the elements of the set S form a 
partition of R such that any ideal of R is a union of classes of the partition. 
Moreover, the induced partition of R x consists of orbits of the group K\ 
which is not pure. Since also R X S = S, to prove the first of the theorem it 
suffices to verify that A is an S-ring over the group R + . 

From the definition of S it follows that {0} G S and —S = S. Therefore 
we need to check only that £(X)£(Y) G A for all X, Y G S. We distinguish 
three cases depending on to which parts of S the sets X and Y belong. 
Denote by £i and £2 the elements of ZR such that 

t{X)t{Y) = £1 + 6, Supp(6) C R x , Supp(6) C pR U qR. 

Below for £ G ZR we set 4(0 to be the largest ideal I G 1{R) for which 
= ; obviously, if £ = f (Z) for some Z C R, then 4(£) = I L (Z). 

Case 1: X, Y G Orb(ifi, _R X ). In this case £(X),£(Y) G Cyc(ATi, R), 
and hence £i,£2 £ Cyc(i£i, R). Thus since X > K 2 , it suffices to verify that 
£2 £ Cyc(if, R). However, since obviously £(qR) G Cyc(Ki, R), from (J4"5]l 
and (J16T) it follows that £ 2 £(qR) G Cyc(i^, i?). It remains to show that the 
element £ = £ 2 (,(pR) belongs to Cyc(i^, i?). To do this we observe that 
by dH we have I L (X) = I L (Y) = pR p . Therefore 4(f (Y)) > pR p and 
hence 

4(0 > pR P - 
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This implies that £ = £(p-ff p )£' for some £' G ZR q . In particular, all elements 
of each pR p -coset enter £ with the same coefficient. Therefore taking into 
account that £ G Gyc(Ki, R), we conclude that £' G Cyc(iT, -R). Since also 
£(pi? P ) G Cyc(K, we obtain that £ G Cyc(X ) 

Case 2: X, Y G Orb(i^2,P-R U g-R). Arguing as above we obtain that 
£1, £2 G Cyc(i^2, -R)- Therefore without loss of generality we can assume that 
£1 7^ (see 042[) ). Then it is easily seen that £2 = 0. Moreover, we can assume 
that X C p t R x and Y C g J i? x where i, j G {1, 2}. It suffices to verify that 

£x, £y G Cyc(K, J L (£ y ) = pR p (47) 

where £ x = £(j9i? p )£(X) and £ y = £(g J R g )£(F). Indeed, since I h {K 2 ) = 
qR g , it follows that I-l(X) > qR q . The converse inclusion is obvious. Thus 
= qR q . Therefore using the second part of (j4"Tj) we obtain that 

£(X)£(F) = (c g £(X)£(gR> 9 ))£(y) = c (? £(X)(£(g J R (? )£(F)) = c g £(X)£ y = 

Cq£( x )(cpt(pRp)&) = c p c q (£(pR p )£(X))£ Y = c p Cg£x£y 

where c p = \pR p \~ l and c q = \qRg\~ 1 . Thus £x£y G Cyc(i^, R) by the first 
part of (1471). 

To prove (j4"T|) let X = p l uK 2 for some u G -R x . By Lemma [10.21 we have 
K 2 = {T p U' p x U q ) ■ L 2 and L 2 = {(f(t),t) : t G TJ where / : T 9 i-f C/ p is a 
group isomorphism. Therefore 

P% = {(p l f(t),pH) : t G T q } = {p*} x p% 

and 

X = (upTpU^xugUgyp 1 ^ = {u p T p U p xu q U q )i{p i }xp%) = tfupTpXp^TgUq. 
So £x = £(p-R p )£(X) = c^{pRp x p l u q T q U q ) for a positive integer c. Thus 

Cv e ('vri A-./n. 

Next, let Y = q^uK 2 where u G R x . Then as above we have 

Y = (q'u p T p U p x qiu q U q ) ■ L 2 = (J Z t X {g%t} (48) 

where Z< = qi u p f (t)T p XJ' v . Since obviously £(qR g )£(Z t x {q j u q t}) = £(Z t x 
gi? 9 ), this implies that 

£y = £(^00 = x qR q ) = 

t€T q 
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t{q>u v rT v XJ' v x qR q ) = i{q 3 u p T p U p x qR q ). 

r£U p 

Thus £y G Cyc(K, R). Since q^UpTpUp = q^u v T v + pR p , we also obtain that 

Case 3: X G Orb(^i, i? x ), F G Orb^P^Ugi?) (or vice versa). First, 
suppose that Y G Orb(K2,p-R). Then from (H5l) and the second equality 
of gSD it follows that Y G Orb (K, pR), and hence G Cyc(K u R). 

This implies that £(X)£(F) G Cyc(i^i, i?). Therefore £1 G A Since also 
Supp(^2) C qR, by (H5l) and the first equality of ()46l) we conclude that 
6 G Cyc(K, R) C A Thus £(X)£(Y) G A 

Suppose that Y G Orb(i^ 2 , qR\pR). Then V = q^uK 2 where w G i? x and 
j G {1, 2}. The element Z t defined in Case 2 can be rewritten in the following 
form: Z t = [j seT (r t s + r t sH) where r t = qu p f(t) and H — U' — 1 C pR p . 
However, for any s G T p we have 

£(r t s + r t sH)£(pR p ) = \H\£(r t s + pR p ) = \H\i{r t sU p ) = \H\i{qu p sU p ). 

Together with (148p this implies that 

£(Y)£(pi?p) = e(|J Z * x = 

t&T q 

(J2C(Z t x {gV»^W = E E ^ s + nsH^pR^^quS = 

t&T q teTq S€T p 

\H\ ^2 z2€(<l u p s Up)£,(<lUqt) = \H\£(qupTpU p x gw g T g ). 

Thus ^(F)^(pi? p ) G Cyc(iT, i?). Besides, since Il(X) = pR p , we have 

t(X)t(Y) = ct(X){t(Y)t(pRp)) 

where c is a positive rational. Therefore £(X)£(Y) G Cyc(K~i, R), whence 
it follows that £1,^2 G Cyc(K~i, R). In particular, £1 G A To prove that 
£2 G A it suffices to verify that £ 2 G Cyc(i^, R). However, it is easy to see 
that Supp(^2) C pR. Moreover, in, (£2) > P-Rp because Supp(£i)flpi? = and 
J L (£(X)£(F)) > IlPO = P-Rp- Thus applying to £ = £ 2 the same argument 
as in the end of Case 2, we obtain that £ 2 £ Cyc(iT, i?) which completes the 
proof of Case 3 and the first part of the theorem. 
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To prove the second part of the theorem suppose on the contrary that 
the S-ring A satisfies the J/J-condition non-trivially. Then without loss of 
generality we can assume that J is a maximal ^4-ideal of R, i.e. I = pR 
or I = qR. Since R x C R \ I and h{X) = pR p for all X G S(A) R x due 
to (JS]), we also can assume that J = pR p . Suppose that / = pR. Then the 
set X = qK 2 belongs to S(A)r\i, and hence J < Il(X). So I l (X) p ^ 0. On 
the other hand, a straightforward computation based on Lemma 110.21 shows 
that I\ J (X) P = 0. Contradiction. Finally, suppose that / = qR. Then the set 
X = pK~2 belongs to S(A)r\i, and hence I^(X) P ^ 0. On the other hand, 
I\ J (X) P = because X cannot contain any pR p -coset. Contradictions 



11 Proof of Theorem 4.2 



The proof is based on the following two results on abelian groups to be proved 
in the end of the section. Let us fix some notation for an abelian group G. 
Denote by Go the socle of G; in our case it is the product of all subgroups of G 
of prime order. For p G V and Q C V where V = V(G), we set G , P = (G ) p 
and G ,q = (G ) Q . 

Theorem 11.1 Let G be an abelian group of exponent m each Sylow p- 
subgroup of which is homocyclic and let K C C be a field linearly separated 
from Q[w] over Q where w is a primitive mth root of unity. Denote by 
\1/ = ^k(G) the set of all K-epimorphisms if) : KG — > K[w]. Then 

p| ker(^) = I K {G) (49) 
where Ir{G) = J2 p ev^p ® KG p i and I p is the ideal of KG p spanned by 

Lemma 11.2 In the notation of Theorem \11.1\ given a nonzero £ G Ir{G) 
there exists a nonempty set Q C V and a Go^Q-coset A C G such that 
Supp(£yi)p 3 A p for all p G Q where £a = C ° ^(^)- 

Let us turn to the proof of Theorem 14.21 By the hypothesis there exist 
a group L < R x and a pure orbit T of it such that S, S' C T. To prove 



J Here and below all tensor products are taken over K. 
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statement (1) suppose on the contrary that x(S) = x(S') for all x £ R x . 
However, when a character x runs over R x its extension ip : QG — > C 
where G = R + , runs over the set ^q(G) defined in Theorem 111. 11 Thus 
£(S) — G ker(^) for all if) G *$!q(G). Since each Sylow subgroup of G 

is homocyclic in our case, by Theorem 1 1 1 . 1 1 this implies that £(S) — G 
Ik{G). Let us prove that this contradicts the purity of T. 

Since S ^ S' the element £ = ^S 1 ) —£(£") is nonzero. So by Lemma Hi. 21 
there exist a nonempty set Q C P and a Go,Q-coset A C G such that 
Supp(£^)p D for all p E Q. Since 5, S" C T, this implies that 

(T n A) p = A P , pe Q. (50) 

One can see that T n A is a block of the abelian group L acting on T. This 
implies that TC\A G Orb(L') where L' is the setwise stabilizer of Tfl A in L. 
Therefore 

\TC)A\ = \L A \ (51) 

where is the permutation group onT (1 A induced by V . It is easily seen 
that given p G Q the family M p of all nonempty sets X ClT, X G A/G 0) Q\{p}> 
forms an imprimitivity system for La- From (1501) it follows that \M P \ = \Go, p \ 
for all p e Q. Besides, due to (l5"Tj) the number |M p | divides |T n A\ for all 
p E Q. Thus 

|TnA|> JJ|G 0lP | = |A| 

pe<3 

whence it follows that T D A. Therefore T = T + Gq,q, and hence the set T 
is not pure. This contradiction completes the proof of statement (1). 

To prove statement (2) let x R x . By statement (1) with 5" = there 
exists a character x' £ -R* sucn that x'(S') 7^ x'{S') = 0- However, due 
to (fit)]) we have x' — X f° r some r G i? x . Thus, x(rS') = x'(^) 7^ 

Proof of Theorem 111.11 Clearly, the right-hand side of (H91) is con- 
tained in the left-hand side. Let us prove the converse inclusion by induction 
on \V\. Without loss of generality we assume that \V\ > 0. Fix q G V and 
set G' = G q i Then each g G G can uniquely be written in the form g = g'g q 
where g' G G' and g q E G q . 

For induction purposes some preliminary work is needed. Set K' = K[w q ] 
where w q is a primitive m g th root of unity. For £ = J2 q&G a g g belonging 
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to KG and ip q G ^jc(G q ) define an element £' = °f the ring K'G' by 

^' = E a 9'9' With a 'g' = E a 9'9 q M9q)- 
g'eG' g q dG q 

Next, using the equalities KG = KG' <g> fTGg and KG' ® K' = K'G' let us 
define a ring epimorphism 

i) q :KG^ K'G' 

by = id^G' <8>Vv Then it is easily seen that 

^(0 = kerft) = #G'<g)ker(^), ^ q (I K {G')®KG q ) = I K ,{G'). (52) 

To prove that the left-hand side of (|49|) is contained in the right-hand 
side suppose that £ G f]v>e* ker (■0). First, we claim that 

£'(ip q ) G Ik>{G') for all ^ef^G,). (53) 

Indeed, let ^ G ^/^(G ? ). We note that the field K' is linearly separated 
from Q[w'] over Q where u/ is a primitive m^th root of unity because K is 
linearly separated from Q[w] over Q. Therefore by the induction hypothesis 
for the group G' and the field K' it suffices to check that ip'{!;') = for all 
i)' G where <f = £'{ip q ) and ^' = ^ X '(G")- However, 

^'(0 = n E = E E w^V) = 

g'eG' g'eG' g q £G q 

E E a 9'9^'{9')%{g q ) = E E a 9'gM9'9 q ) = E a ^) = ^(0 

g'eG' g q eG q g'eG' g q eG q geG 

where ip = ip' KG i ® ip q G ^ with V4:g' being the restriction of ip' to KG'). By 
the choice of £, we conclude that = = 0, and we are done. 

Further, set M = I K (G') ® KG q and iV^ = KG' ® ker(^ 9 ) where G 
x I / x(G'g). Then from fl52|) and fl53l) it immediately follows that for all ^ we 
have 

i G (VO- 1 ^') C $ q )-\l K ,(G')) C M + ker(^ g ) = M + N fq . 

Therefore to complete the proof, i.e. to verify that £ G Ir(G) it suffices to 
show that 

p| (M + N i)q ) = I K (G). (54) 
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To prove (1541) we observe that 

(M + N^ q )/M = N 1 p q /(M fi N^ q ) = 

N % /(I K (G') ®ker(^)) = {KG'/I K {G')) ® ker(Vg. 

On the other hand, from |8j it follows that e q,rQ ) ker(-0 ? ) = IxiGq). 
Thus, 

p| (M + A^J/M = (KG' / I K (G')) ® I K (G q ). (55) 

Similarly, 

I K (G)/M = (M + KG" ® I K {G q ))/M = (KG'/I K (G')) <g> I* (G g ). (56) 

Therefore (}S4"j) follows from (1SS1) and (1S"6]) .h 

Proof of Lemma 111.21 Denote by M the set of all Q C V for which 
there exists a G^Q-coset A such that 

£ A G span^{£(a + G , P ) : a e A, p e Q}*. (57) 

From the definition of Ir{G) it follows that £ is a iT- linear combination of 
elements £(a + Go tP ) with a G G and p E V. Since also £ 7^ 0, we see that 
T 3 G M. Let Q be a minimal (by inclusion) subset of V belonging to M and 
A the corresponding coset. Then obviously Q 7^ 0. We claim that for Q and 
A the statement of the theorem holds. Suppose on the contrary that this is 
not true. Then there exists p G Q such that Supp(£^)p 2 A>- This implies 
that 

Supp(6i) n B = (58) 

for some coset G A/G 0i q\{ p }. However, it is easily seen that given b G B 
and g G Q\ {p} we have 

£(6 + G , 9 ) = £(& + x + Go, P )- e(& + y + Go l3 ). 

Therefore, without loss of generality we can assume that in a representation 
of £4 afforded by (1ST)) the coefficient at £(& + G , g ) equals for all b E B. 
Due to ( jSHD this implies that the coefficient at £(a + Go )P ) equals for all 
a G A. Thus condition ( 1ST)) holds for Q and A replaced by Q \ {p} and any 
G f o lP -coset in A that intersects Supp(£^), respectively. But this contradicts 
the minimality of Q.m 
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12 Proof of Lemma 



From the assumptions it follows that R p = GR(p n , d) where n > 2. 

Lemma 12.1 Suppose that R q C J for some q G V(R). Then R q C Ii(X). 

Proof. Clearly, q ^ p. By Theorem 16.31 the set R* X is a union of J- 
cosets. Due to the assumption each of them contains an element with zero q- 
coordinate. So the set X also contains such an element. Therefore R q X = X, 
and hence by statement (2) of Theorem 15.31 (for p = q) 

I L (X) q ^0 or X^0. 

In the former case (I^(X) n J) q = I L (X) q ^ and we are done by induction. 
Let us show that the latter case is impossible. Indeed, let us consider the 
^4-ideal 

I' = iu(x [q] ) n r. 

Since X C R\I and Q = {p}, we have x v £ J for all x G X. However, q ^ p 
and hence x p G" J for all x G X^'. This implies that I\j(X^) p (jL J p . Since 
I* D R p , it follows that I' <£_ J p . Therefore V <£_ J. By statement (2) of 
Lemma [6.21 this shows that /' = I*. Thus I' = I* D J q = R q . On the other 
hand, taking into account that (X^ q ') q = {0} (statement (1) of Theorem 15. 3p . 
we see that I' — 0. Contradiction.H 

Corollary 12.2 If p £ P(J), then I* \ J G S(A). 

Proof. It is easily seen that the hypothesis of Lemma 17.51 is satisfied for A, 
R and I replaced with Ai*, Ri* and J (see Lemma \6.2\\ . Moreover, since 
p G" V(J), we have (Ri*) q C J for all q G V(Rj*), q ^ p. By Lemma [12. ll this 
implies that (Ri*) q C Il(X) for all q and any X G S(Ai*\j). In particular, 
J < ^l(^)- Since by statement (2) of Lemma [6.21 and Theorem 15.21 we have 
rk(Ai* ij) = 2, this implies that X = I* \ J and we are done.a 

Let us turn to the proof of Lemma [7.51 To prove statement (1) suppose 
that p G" V{J). Denote by t the cardinality of the set {uX : u G R p }- Then 
it suffices to verify that t — 1. To do this we observe that from Lemma [7.41 
it follows that for any x' G X p t the cardinality of the set 

F x ' = {x P '■ x G X, x p ' = x'} 
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equals / = \R#\/t. Next, by Corollary 1 1 2 . 2 1 we have I*\J G S(A), and hence 



Z(X)Z(-X) = aZ(I*\J)+Z' 

where a is a non-negative integer and £' o£(I* \ J) = 0. It is easily seen that 
the element x — y with x, y G X belongs to J* \ J if and only if x p ^ y p and 
ay — yp' £ J r - Since \I* \ J\ — \ J\\R#\, it follows that 

a</ 2 |X p ,||J|/|r\J| = /|X p ,|/t. (59) 

On the other hand, taking into account that p (jL V(J) one can find Xq G X 
such that (xo) p is of order p. Since (1 + rad(-R p )){xo} = {xo}, we have 
(1 + rad(i? p ))X = X. Besides, by Lemma 173 it is also true that 

\F X , n p%\ = Ip'RZl/t, i = 0, . . . , n - 1, x' G X pt . (60) 

Therefore the set F x > \ p n ~ 1 R p is a union of p™ _1 -R p -cosets. This implies that 
given x' G X p r an element of I* \ J of order p can be represented as x — y 
with x,y G X, x p i = x' in at least \F X > \ p n ~ l R p \ — f — f ways where 
f = iF^Dp^Rp] = Kp^Rp^l/t (see (|5Dj|). This implies that 

a> I^KZ-Zo). 

Together with (1591) this shows that / > tf — tf whence it follows that 
\Rf\ > t(\Rp\ - \p n ~ l R p \). Since \R P \ = p nd and {p^Rpl = p d , this gives 
p nd > t ^ p nd _ p dy For t > 2 we have pi n ~ l ) d < t/(t - 1) < 2, which is 
impossible for n > 2. Thus t = 1 and statement (1) is proved. 

To prove statement (2) suppose that p G V(J). By Lemma [12.11 we can 
assume that R q <£_ J for all q G V(R). It suffices to verify that 

(l + rad(i? p ))X = X. (61) 

Indeed, we have I p = J p by the lemma hypothesis and the definition of J, and 
J p 7^ because p G V(J). Therefore I p ^ 0, and hence X p C R p \I 0tP . Due to 
(IBT|) this implies that the set X is a union of / ,p- cose ts. So J L (X) P 7^ and 
we are done because J p D 7o,p- To prove fIBTl) we note that by the assumption 
1 + J is a subgroup of R x . Then the set 

y = (1 + J)x 
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belongs to S*(A). It is easily seen that the hypothesis of Lemma 17.51 is 
satisfied for A and X replaced with Ar/j and nj(Y). So by already proved 
statement (1) of this lemma we have ttj(Y) = itj(Y') for all Y' G M where 
M = {rY : r G R p }. Therefore for any y G R the sets Y Jy and Y' Jy are 
empty or not simultaneously. By Lemma 12.11 this implies that 

|y I - |y' I — \y' I 

\ I J,y\ ~ \ I J,rY\ — \ I J,y\ 

where Y' = rY. On the other hand, by Theorem 16.31 applied to R p Y the full 
7Tj-preimage of irj(R p Y) coincides with the union of all sets from M. This 
implies that given y G Y the set y + J is a disjoint union of the sets Yj y , 
Y' G M. Thus 

\J\ = \y + J\= \Y}, y \ = \M\\YjJ. (62) 

Y'eM 

Next, take y &Y such that y p G R p (such an y exists because X G S(A)r\i 
and Q = {p}). Since J p C rad(i? p ), it follows that y' p G R p for all y' G Y J>y . 
This implies that |(1 + J p )y'\ = \J P \ for all y' G Yj >y . Taking into account 
that Yj tV is a union of the sets (1 + J p )y', we conclude that \J P \ divides \Yj }V \. 
By ( |62|) this means that |M| is coprime to p. Since the abelian group R p 
acts transitively on M, this implies that 1 + rad(_R p ) is a subgroup of the 
kernel of this action. Therefore (1 + rad(-R p )) v = Y, and hence 

(1 + rad( J R p ))(l + J)X = (1 + md(R p ))Y = Y = (1 + J)X. 

In particular, given m G 1 + rad(R p ) and z G X one can find u' G 1 + J and 
z' G X such that = u'z'. It follows that (u/u')X = X. When u runs 
over the elements of highest order in 1 + rad(i? p ), the element (u/u') p runs a 
full system of representatives of (1 + J p )-cosets in 1 +rad(i? p ). Therefore the 
Sylow p-subgroup of the group K generated by all elements u/u' coincides 
with 1 + rad(-Rp). Since KX = X, the equality (I6T!) holds and we are done. 
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